Elastic constants are of fundamental importance to multi-discipline and engineering. Although the stress-strain method is computationally expensive based on the density functional theory, it is much easier and straightforward to implement. Especially at high pressure, it does not need complex pressure corrections like the energy-strain method. We here report the optimized high efficiency strain-matrix sets (OHESS) used in the stress-strain method to determine the full second-order elastic constants of materials belonging to any crystal system in either three or two dimensional. For the three kinds of strain matrix sets tested, we performed extensive comparison on the accuracy and efficiency for different materials in all crystal systems. We find that our proposed OHESS has much higher efficiency than the other two when ensuring the same level of computation accuracy. In future, the OHESS will tremendously improve the computational efficiency of elastic constants in either the exploration of materials' properties or high-throughput new materials design.
I. INTRODUCTION
Elastic constants are fundamental parameters from which we start to understand the physical and even chemical properties of crystal materials. They reflect the mechanical response characteristics of materials to external forces and loads applied in different manners, and hence provide useful information on the strength and even the hardness of materials (See Ref. 1 and references therein). The velocities of elastic waves in materials intimately correlates with elastic constants and then the systematic acoustic properties of materials can be deduced consequently. Thus, especially the elastic constants of mineral materials provide key information for understanding the characteristics of the seismic wave when traveling through Earth's interior 2 . Elastic constants can also help the analysis of materials' thermodynamic properties, such as phonon dispersion relation, thermal expansion, Debye temperature, Grüneisen parameter and melting temperature 3 . On the atomic scale, elastic constants directly reflect the strength of chemical bonding in materials along different orientations 4 . Therefore, elastic constants strongly concern physics, condensed matter, materials science, geophysics, chemical, and even engineering.
Elastic constants are traditionally measured by experiment. While, till now not all materials' elastic constants are available experimentally. Fortunately, the high-accuracy state of the art density functional theory (DFT) 5, 6 has already paved the way for achieving elastic constants reliably. At high pressure, it is especially difficult for experiment to directly measure elastic constants, and then the DFT based elastic constants calculations are of vital importance in both the exploration of materials' properties and new materials design. In the computeraided new materials design, such as crystal structure prediction [7] [8] [9] [10] [11] [12] , elastic constants are frequently calculated and utilized to check the stability of the predicted struc-tures according to Born elastic stability criteria [13] [14] [15] [16] [17] [18] . Moreover, for the new materials design based on the materials informatics, elastic constants are extensively calculated and collected in materials database, such as the Materials Project (MP) database 19 .
Elastic constants can be calculated by either the energy-strain or stress-strain method (See Refs. [20] [21] [22] and references therein). The former usually needs relatively lower computation accuracy of energy but larger number of strain sets. While, the latter depends on much higher accuracy of stress tensors but smaller number of strain sets 20, 21 . In the latter method, the high accuracy of stress tensors calculation always need higher energy cutoff and denser K-point meshes, and thus are much more computationally expensive and time-consuming. But comparatively it is much easier to implement according to Hooke's law. Especially, it is straightforward to calculate high pressure/temperature elastic constants using the stress-strain method. On the contrary, the energystrain method need rather complex pressure corrections for the obtained elastic constants 23 .
For the stress-strain method, Yu and coauthors proposed the universal linear-independent coupling strains (ULICS) to couple all the stress components together for extracting the complete set of elastic constants simultaneously 18 . While coupling of stress components by adding several strain components at the same time in the ULICS will largely reduce the symmetry of strained crystal. This will greatly lengthen the computation time using DFT calculations. The calculations of elastic constants have been implemented in several previous work 18, [20] [21] [22] . We here optimized the strain matrix sets of deformations applied on any crystal system including three-dimension (3D) and two-dimension (2D) to keep the symmetry of crystal under deformation to the most extent, and consequently improve the computation efficiency considerably.
The rest of this paper is arranged as follows. The the-ory of elastic constants calculation and the optimization of strain matrix sets are presented in Sec. II The test and comparison of computation accuracy and efficiency of different strain matrix sets are detailed in Sec. III Section IV describes our further discussions and the final conclusions.
II. METHODOLOGY

A. Elasticity theory
The elastic properties of a material uncover the characteristics of the response to external loads applied in different manners. According to Hooke's law, the stresses σ i in a crystal are in proportional to the corresponding strains ε j within the linear elastic regime,
where the proportional coefficient C ij are the elastic stiffness constants of the crystal. Equation (1) uses the Voigt notation 24 in which 1, 2, ..., and 6 represent xx, yy, zz, yz, zx, xy, respectively. In the computational determination of elastic constants, for the given strain sets of a crystal the stress tensors can be calculated either by empirical atomic potential methods or more accurately by first-principles methods.
In the 3D bulk case, the strain matrix can be written in the following form ε =   ε 1 ε 6 /2 ε 5 /2 ε 6 /2 ε 2 ε 4 /2 ε 5 /2 ε 4 /2 ε 3   .
(
For the 2D layered case, we assume that the crystal plane lies in the xy plane and the strain matrix is simplifies as
Then the deformation matrix applied to the crystal unit cell matrix is
where I is the 3 × 3 unit matrix. The crystal lattice vector with deformation is
where A is the crystal lattice vector without deformation. For various crystal systems, there are different numbers of second order elastic constants (SOECs) reduced from the full 21 (3D) or 6 (2D) elastic constants thanks to their lattice symmetries. The numbers of the SOECs for different lattice symmetries are listed in Table I . Yu et al. proposed the ULICS to couple all the stress components together, making it possible to extract the complete set of elastic constants simultaneously 18 . While, after full tests we found that the deformations applied to the crystal lattice vectors using the ULICS sets largely lower the symmetries of crystals and in consequence greatly increase the computational cost, especially for the DFT method, as will be shown in Section III. In order to optimize the strain matrix sets and finally lower the computational cost by keeping higher symmetries of crystal to the most extent, we here introduce the optimized high efficiency strain-matrix sets (OHESS). The OHESS uses the least number of strain matrix sets to solve the corresponding elastic constants numerically. As the tests shown in Section III, the calculation efficiency is largely improved compared to the ULICS.
As for the details of the ULICS, the readers are referred to Ref. 18 . The detailed OHESS of different lattice systems belonging to both 3D and 2D lattice systems are listed in Table II . Certain elastic constants can be deduced from the corresponding certain strain sets. For comparison, we also employed the all single-element strain-matrix sets (ASESS) to test the accuracy and efficiency of elastic constant computations. Contrary to the ULICS, the ASESS largely decouple the stress components in calculations. The full ASESS and corresponding derived elastic constants are listed in Table III . Table IV compares the numbers of strain matrix sets used for the ASESS, the OHESS and the ULICS. The numbers of the OHESS are almost identical to those of the ULICS, except for the monoclinic structure, i.e., the OHESS use less number of strain matrix sets than the ULICS. Derived Cij 3D
Cubic 
C. The calculation details of stress tensors
Before the calculations of elastic constants, each crystal structure was first fully optimized at ambient pressure. Then after atomic positions were fully relaxed when the crystal lattice is under specific deformations applied according to OHESS, ASESS, or ULICS, the stress components were calculated accurately. The relaxations guarantee forces acting on each atom to be less than 0.001 eV/Å. All the structural optimization and stress computations in this work are performed using the projector augmented wave (PAW) method 25 as implemented in the Vienna ab initio simulation package (VASP) 26, 27 . In all calculations, we employ the Perdew, Becke and Ernzerhof (PBE) 28 generalized gradient approximation (GGA) for the exchange-correlation functional. The energy cutoff values for all materials were set to ensure energy to be converged to 10 −6 eV. For all three kinds of strain matrix sets, the OHESS, ULICS, and ASESS, we used exactly the same parameters for elastic constants calculations. To derive elastic constants, the values −0.06, −0.03, 0.0, 0.03, and 0.06 of δ in these strain matrix sets were adopted for the first order polynomial fitting according to Eq.1. Accordingly, these values were also taken in the ULICS as the largest strain value for comparison. It is noted that such small δ in the magnitude of 10 −3 proposed by Yu et al. 18 are not applicable in some cases because of numerical noises.
III. RESULTS AND DISCUSSIONS
Utilizing the three kinds of strain sets, the OHESS, the ASESS, and the ULICS, we fully optimized the prototype materials listed in Table I and calculated their elastic constants with VASP. The prototype materials belong to different crystal systems in either 3D or 2D. Just like the comparisons shown in the following subsection III A, the OHESS, the ASESS, and the ULICS have almost the same accuracy in calculating the elastic constants of the listed prototype materials. However, the OHESS has overall the highest efficiency compared with the ASESS and ULICS, as shown in subsection III B. In the following two subsections, we will intensively compare the accuracy and efficiency of the three strain sets in both 3D and 2D.
A. Accuracy comparison of elastic constants from different strain sets
We calculated the elastic constants of the prototype materials listed in Table I using the OHESS, the ULICS, and the ASESS, and made a detailed comparison of their accuracy for different crystal systems. As shown in Table I, the 3D prototype materials are mainly divided into the cubic, the hexagonal, the rhombohedral, the tetragonal, the orthorhombic, the monoclinic, and the triclinic system. The prototype materials cover the range of the ionic crystals, covalent crystals, and metals. The tests and comparisons were also extended to 2D materials.
Three dimensional materials
We first tested the computation accuracy of the three kinds of strain sets in calculating the elastic constants for 3D crystals ranging from high-symmetry systems (the cubic) to the low-symmetry systems (the monoclinic). For the cubic system, we took the diamond, Al, and CsCl as examples and the calculated elastic constants are listed in Table. V, in comparison with the materials project (MP) 19 data and experimental data. The tested crystal types covered the covalent, metallic, and ionic crystals. It is seen that the elastic constants from the three kinds of strain sets are all in good agreement with the corresponding MP data 19 and experimental values 19, 29, 30 . The comparison for Al is also illustrated in Fig.1 . It is noted that the OHESS results have almost the same computation accuracy with the ULICS and ASESS. For the hexagonal systems, we calculated the elastic constants of hcp Os, Ti and TiB 2 using the three kinds of strain sets, OHESS, ASESS, and ULICS. The results are shown in Table VI ., in which the MP data 19 and the experimental data [32] [33] [34] are also listed. Good agreement is also found for the hexagonal systems between our calculated elastic constants and the MP data and the corresponding experiments. The comparison for Os is also illustrated in Fig.1 . The results indicate the three kinds of strain sets produce almost the same accuracy of the elastic constant of the hexagonal systems, compared with experimental data [32] [33] [34] . We listed the calculated elastic constants of the rhombohedral and tetragonal systems in Table VII . For the trigonal system, Al 2 O 3 and CaMg(CO 3 ) 2 belong to rhombohedral I and II as listed in Table I , respectively. MgF 2 and CaMoO 4 fall into the tetragonal I and II crystal systems, respectively. The obtained elastic constants of the two crystal systems using OHESS and ULICS and ASESS are in good agreement with the corresponding MP data 19 and experimental values 33, [35] [36] [37] . The negative values of some elastic constant are resulted from the '-' Cartesian coordinate system defined in Ref. 21 . The absolute values of the calculated negative elastic constants are also in agreement with those of the MP data and experimental values. The accuracy comparison of the elastic constants for MgF 2 , CaMoO 4 and CaMg(CO 3 ) 2 are also shown in Fig. 1 . The OHESS strain sets produced almost the same results compared with ULICS and ASESS.
The test examples for the orthorhombic and monoclinic crystal systems are TiSi 2 and ZrO 2 respectively. The calculated elastic constants are shown in Table VIII . The agreement of calculated elastic constants for orthorhombic TiSi 2 with the MP data and experimental values is reasonably good, while the agreement for monoclinic ZrO 2 is not. The worse agreement for ZrO 2 probably can be attributed to the low accuracy of the stresses calculated by VASP in such a low symmetry of monoclinic structure.
We take the triclinic ReS 2 as the lowest-symmetry 3D case for comparing the computation accuracy of the OHESS, ULICS, and ASESS. The calculated elastic constants of ReS 2 are presented in Table IX . We note that for the triclinic crystal system the OHESS is the same with ASESS and they have the same six strain matrices, as shown in Table II and III. Therefore, just as shown in Table IX the calculated elastic constants are exactly the same values for OHESS and ASESS. For the detailed comparison, we find that all the elastic constants from the ULICS are in good accordance with those from OHESS and ASESS correspondingly.
Two-dimensional layered materials
We have also tested the accuracy of the elastic constant calculations for 2D crystals using the three strain sets, OHESS, ULICS and ASESS. Our calculated results and others' theoretical values are compared in Table X . Once again, we found a good agreement of our calculated results with others' calculations 20, 40 . More importantly, the OHESS results are also in good agreement with the ULICS and ASESS results. 
B. Computation efficiency of different strain sets
Although the OHESS has almost the same order of accuracy with ULICS and ASESS in all the calculations, we should compare the time that they used for calculating elastic constants and find the most efficient one. All the elastic constants calculations were performed on the hardware platform with the two CPUs of Xeon E5-2683 (2.0 GHz and 28 cores in total). We gathered the time data used for all the calculations of the 3D and 2D elastic constants and listed them in Table XI . From Table XI we note that the time used by OHESS, ULICS and ASESS for calculating elastic constants varies significantly, although they have the same level of accuracy.
In order to clearly compare the computation efficiency of the three strain sets, we plotted the ratios of time used by ULICS and ASESS with respective to OHESS in Fig.  2 . It is clearly shown that the OHESS have overall the highest computation efficiency among the three strain sets used. For most of the 3D crystal systems tested, the OHESS has more than twice the efficiency of the ULICS or ASESS. While, except for the graphene and 2D-MoS 2 the OHESS nearly has the same efficiency compared with ULICS and ASESS. The number of strain sets in ASESS is always 6 for 3D and 3 for 2D (see Table III ), and naturally the ASESS has relatively lower efficiency. While the OHESS and ULICS have nearly the same number of strain sets except for the monoclinic crystal system and they have exactly the same number of strain sets except for the triclinic crystal system (see Table IV ). The reason for the low efficiency of the ULICS is in that it lowers the symmetry of crystal by using the coupled strain sets and then lengthens the time for calculating the stresses by VASP.
C. Discussions
We systematically tested and compared the accuracy and computation efficiency of elastic constants using the three kinds of strain matrix sets, the OHESS, the ULICS, and the ASESS for both 3D and 2D systems. For the 3D systems, the test cases cover the seven crystal systems ranging from the cubic to the triclinic systems. The 2D tests include the square, hexagonal, and rectangular systems except the oblique system. Although the three kinds of strain sets have the same level of accuracy in calculating elastic constants, the OHESS has the highest computation efficiency. This is especially apparent for the crystal systems with higher symmetry, such as cubic and hexagonal (Diamond, Al, CsCl, Os, Ti, TiB 2 as shown in Fig.2) . While, the advantage of OHESS decreases relative to ULICS and ASESS with the decrease of the symmetry of crystal system. This can be attributed to two facts: the first is that the the test cases have originally lower symmetries before applying the OHESS or the ULICS strain sets, and then differ not so much as higher symmetry crystal systems after applying the two strain sets. The second one is that the number of strain sets used in the OHESS approach to that of ASESS. Hence, the efficiency advantage of OHESS have slightly decrease with respective to ULICS and ASESS.
As for the 2D case, the OHESS has smaller advantages over the ULICS in computation efficiency. This is mainly because of the low symmetry of original 2D lattice. And the OHESS keeps almost the same symmetry with the ULICS after applying stains to crystal lattice. But the OHESS is much more efficient than ASESS in some cases, for instance the the graphene and the 2D MoS 2 , resulted from the small number of strain sets in the OHESS.
IV. CONCLUSIONS
In summary, we proposed the optimized high efficiency strain-matrix sets (OHESS) to calculate the elastic constants according to the stress-strain relation originally defined in Hooke's law. After extensive test and comparison of the OHESS with the ULICS and ASESS in the computation accuracy and efficiency, we conclude that the OHESS is the most efficient one to calculate elastic in both the 3D and 2D cases at the same level of computational accuracy. Therefore, the OHESS will greatly improve the computational efficiency of elastic constants using the stress-strain in future. This is very helpful for the quick examination of the stability of new crystal structures in the new materials design, especially in constructing the elastic constant database like MP elastic database 19 .
